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Decay of a Diamond Shock Pattern

GIRARD A. SIMONS*
Avco Everett Research Laboratory, Everett, Mass.

A solution is presented for the decay of the shock waves emanating from an infinite row of evenly spaced disturb-
ances, placed perpendicular to an otherwise uniform, supersonic, two-dimensional flow. Analytic results indicate
that the strength of the disturbances, relative to the conditions at infinity, decay as 17/; where X is the downstream
coordinate and d is the. spacing of the disturbances. This result, which is independent of the initial strength of the
disturbance 6 is valid for %/d > 1/6. The present solution is generally applicable to symmetrically placed disturb-
ances in two-dimensional nozzle and channel flows. A specific example of disturbances generated in the gas dynamic

laser (GDL) is examined in detail.

1. Introduction

IAMOND shock patterns occur in nature as a result of the

reflection of waves from solid boundaries and/or the contact
surface separating two gases. Shock reflections from solid
boundaries occur in supersonic channel and duct flows whereas
those from contact surfaces are commonly found in an under-
expanded rocket exhaust. Since the nature of wave reflections
from solid boundaries and contact surfaces is of opposite sign,
the discussion here is restricted to problems with solid boundaries.
In particular, the geometry being considered is that in which the
solid boundaries are aligned parallel to a uniform two-dimen-
sional flow and the disturbances are aligned perpendicular to
that flow. .

A specific application for the decay of shock waves in this
geometry lies in the gas dynamic laser (GDL). The GDL utilizes
the rapid expansion of a heated gas through a series of adjacent
two-dimensional supersonic nozzles to achieve the vibrational
nonequilibrium required for lasing. Details of the GDL are given
by Gerry.! Finite exit angles of the nozzle blades generate a
diamond shock pattern as illustrated in Fig. 1. Since medium
inhomogeneity may distort the laser beam, it is necessary to
determine the rate at which these disturbances decay.
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Fig. 1 GDL two-dimensional nozzle array.

Diamond shock patterns similar to that illustrated in Fig. 1 are
also produced by other sources. The “sonic boom” from an
infinite row of wings generates a wave pattern which, at infinity,
is identical to that described above. This is illustrated in Fig. 2.
Although the infinite geometry model is of little practical
significance, it may be used to assess the decay of a disturbance
in a two-dimensional channel flow. Symmetry at the walls of the
channel imply that a disturbance placed in the center of the
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Fig. 2 Superposition of the sonic boom solutions.

channel, or at the wall, will yield a wave pattern identical to that
produced by an infinite row of evenly spaced disturbances. Hence,
the asymptotic solution for the decay of the diamond shock
pattern has application in several practical problems.

A formalized method of applying acoustics to analyze disturb-
ance propagation was set forth by Lighthill> The acoustic
solution for a single family of waves is rendered uniformly valid
when written in characteristic coordinates with the location of
the characteristics known to the accuracy of the solution on that
characteristic.. This general principle is often referred to as Light-
hil’s technique, or the method of strained coordinates, which
describes its essential feature. Lighthill’s technique was gener-

“alized to include two families of waves by Lin® who adopts

characteristic parameters as the basis for a perturbation theory,
which amounts to straining both families of waves.

Analysis of the propagation and decay of single disturbances
has been reported by Landau,* Bethe,> Whitham,®’ and Light-
hill® These authors have considered the acoustic (far field)
solution to the problems of the spherical blast wave and the
sonic boom created by two-dimensional and axisymmetric bodies.
They have applied Lighthill’s technique to a single family of
waves, corrected the location of the characteristics, and deter-
mined a consistent shock motion where waves of the same family
intersected. In this way they were able to predict the rate at which
the aforementioned disturbances decay.

Whitham’ has applied this technique to analyze the flow past
a wavy wallt (Fig. 3). He finds that the shocks decay as A/y,

t See the Appendix of Whitham’s paper. ~
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Fig. 3 Supersonic flow past a wavy wall.

where A is the wavelength of the disturbance and y is the distance
from the wall. Thus, the disturbance is independent of the height
of the wall. Although not immediately obvious, this problem is
very closely related to the decay of a diamond shock pattern.
Whitham essentially considered an infinite row of evenly spaced
disturbances aligned parallel with the flow. Thus, waves of only
one family are generated. For disturbances aligned perpendicular
to the flow, the coupling between the two families of waves must
be included.

In the following sections, Lighthill’s technique is used to
analyze the decay of a diamond shock pattern. A general asymp-
totic solution is determined. It is shown that the coupling
between the two families of waves is second order. Thus, Whit-
ham’s solutiort for the flow past a wavy wall is identical to that
of the asymptotic decay of the diamond shock pattern. A uni-
formly valid solution for the decay of the GDL disturbance is
generated ‘and the region of applicability of the asymptotic
solution is obtained.

2. General Formation

Following the general approach to small disturbance theory,
we linearizeabout-thefree stream pressure;-density-and velocity.
The solution of the two-dimensional acoustic equations is given
by Shapiro®

P= —yMlu; p=—Miu; u=yi(n)+ ¢35 O
, v=BYiln) — BYad); B =M — D)2
where p, p, u, and v are the nondimensional perturbations of the
pressure, density, axial velocity and transverse velocity. The
variables £ and # are constant along left and right running charac-
teristics. respectively and ¢, and y, are arbitrary functions of
their respective arguments. .

Within the framework of linear theory, £ and # are constant

along undisturbed Mach lines,
; {=x—Py; n=x+Py )
where x and y are the axial and transverse coordinates and are
nondimensionalized with respect to the disturbance spacing d
(superscript ~ implies a dimensional quantity).

Following Lin’s extension of Lighthill’s technique, Eq. (1) is
a solution to the equations of motion in terms of £ and # but
Eq. (2) is not the correct location of the characteristics. A uni-
formly valid solution can be generated only by applying the first
order solution on the first order characteristics, not the undis-
turbed characteristics. Thus, the problem is reduced to that of
finding the corrections to Eq. (2).

From the general equations of the two-dimensional charac-
teristics, we may express the slopes of the characteristics to first
order in ¥/} and y/.

The & characteristic

d 1 ‘
D = mysO) - mapiln) + A, ©
x: B
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my = —(y + DM /2p°
my = —MZ[(3 — M3, — 4]/28°
The 5 characteristic

d ~1
iy U RN AR )
where the discontinuity in the slope of a & characteristic in cross-
ing an # shockf is designated by A, and similarly for an 5 charac-
teristic crossing an & shock by A,. '

Previous authors have considered problems with only one
family of waves. That is, a single disturbance creating & or
“outgoing” waves that attenuate the initial shock. In these cases,
the last two terms on the right-hand side of (3) are dropped and
Eq. (3) is easily integrated since ¢ is constant on the character-
istic. To describe an infinite row of disturbances perpendicular
to the flow, we must consider the effects of both families of waves
and shocks which, in general, complicates the integration of
Eqgs. (3) and (4).

When # characteristics intersect they form an # shock and the
conservation laws require only that the shock bisect the angle
between the characteristics.§ Dissipation within the shock then
destroys the “‘information” that was carried by the character-
istic and the isentropic flow observes only that the characteristic
was ““lost” in the shock. On the other hand, when & character-
istics intersect an 5 shock, the conservation laws allow* the ¢
characteristic to pass through with no change in the character-
istic quantity 5(£) but the ¢ characteristic has a discontinuity
in slope due to the difference in the gas dynamic properties on
each side of the shock. This is illustrated in Fig. 4. The #~
characteristic is overtaken by the n shock whereas the 5™
characteristic overtakes the shock. The slope of the ¢ character-
istic below the # shock is given by (3), evaluated on the n* side
of the shock.

dy 1
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Fig. 4 Intersection of ¢ and # characteristics at an # shock.

Similarly, above the shock, the slope of the characteristic is

“dyldx = 1/B + m3(8) — mai(ny)
From these two expressions, we evaluate the change in the
slope of the & characteristic in crossing an # shock

A,y = my[Y1 (1) — iy )] 3
Similarly, for A we obtain
Ay = my[Y5(ES) — ¥a(ES)] (6
where an &% characteristic is one which overtakes an ¢ shock.
To first order, the ¢ shock bends 5 characteristics and # shocks

through the same angle. Similarly, the bending of ¢ shocks and
characteristics by the # shock is identical. Thus, Eqs. (5) and (6)

t An 7 shock is one that is formed by the coalescence of # char-
acteristics. ) )

§ If the shock is propagating into a uniform flow, one of the charac-
teristics is an undisturbed Mach line. ) _

* Here we are considering only the first-order terms when i} = O(y3)
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represents the bending of both shocks and characteristics by
shocks of the opposite family.
For later convenience, we split the motion of the shock into
four parts '
dy,/dx = 1/B + dbg/dx + dy,/dx + A, W)
where y,, is the y coordinate of the ¢ shock, &, is the contribution
of the & characteristics, y, is the effect of the # characteristics and
A, is the discontinuity in slope across and # shock.
A similar expression for the # shock is expressed in the same
notation '
dy,/dx = —1/B + dé,/dx + dy /dx + A, ®
Equations (3-8) must be solved for the location of the shocks
and characteristics for arbitrary initial conditions, ¥i(n) and
V5(&). Equation (1) may then be used to determine the flow pertur-
bations everywhere in the physical plane. In the next section,
this procedure is used to analyze the acoustic propagation from
an infinite row of two-dimensional disturbances.

3. General Asymptotic Solution

The general problem to be considered is illustrated in Fig, 5.
Assume an infinite row of disturbances, each represented by two
intersecting shocks spaced distance d apart.** The region over
which the disturbance exists is ad. y; and ¢, are specified within
this region and are identically zero elsewhere in the flowfield.

Fig. 5 Propagation from arbitrary two-dimensional disturbances.

Integration of the governing equations is simplified by the
symmetric nature of the flow. A brief review of the sonic boom
from a single disturbance is necessary to demonstrate this
property. ‘
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Fig. 6 Sonic boom solution.

** Spacing is unity in the nondimensional system.
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The pressure profile created by some arbitrary disturbance is
illustrated in Fig. 6. Waves A, B, C, and D, in the physical plane
(x, y), propagate outward carrying information about the initial
pressure profile. Linear theory predicts that each wave retains
its initial value of the flow perturbations. Since the velocity of
the wave depends upon the initial pressure, wave A will propagate
faster than B and wave C will propagate as an undisturbed Mach
wave. The waves moving faster than C attenuate the front shock
and those moving slower attenuate the recompression shock.

When wave A intersects the shock, the value of the disturbance
on that wave is dissipated within the shock. The isentropic flow
is unaware of the viscous dissipation and observes only that the
wave has been lost in the shock. This is the mechanism by which
an isentropic solution predicts the decay of the disturbance.
As x — o0, the pressure profile between the shocks is determined
by the waves originating near p = 0. The pressure profile near
p = 0 may be approximated by its tangent and it is this linear
profile that is propagated downstream.

If we have a single disturbance in a supersonic flow, as ilius-
trated by the top wing in Fig. 2, the sonic boom solution is valid.
The first shock (A) propagates into the flow while the recompres-
sion shock (B) propagates downstream. The two shocks are
weakened by an expansion centered between them and their
strength decays to zero as the inverse square root of X while the
spacing between A and B increases as (%)'/*

If we place a second wing below the first, the same physical
picture is consistent until shock waves B and C meet. Downstream
of this point, there exists one shock attenuated from both sides
by expansion waves. Extending these arguments to an infinite
number of evenly spaced wings, we see that for every wing there
exists one left running shock attenuated from each side by the
centered expansion, and this left running shock pattern intersects
an equivalent set of right running shocks and characteristics.
This physical picture enables a gross simplification of the govern-
ing equations. Since the flow perturbations in the region between
the shocks have a symmetric profile with corresponding positive
and negative portions, it appears that a wave of the opposite
family traversing the “boom” would feel no integrated effect of
the boom. Here we treat this as an assumption to be verified a
posteriori. :

Suppose ¥i(n) and Y5(¢) are specified. Integration of (3) with
the last two terms omitted illustrates that if y5(£) < 0, the &
characteristics move faster than the undisturbed Mach wave and
can catch the front shock. Similarly, when (&) > 0, the charac-
teristics move slower than the undisturbed Mach waves and they
are overtaken by the recompression shock. The situation is
identical to that encountered in the sonic boom. As the bounding
shocks move to infinity, it is the waves originating near y5(¢) = 0
that cause the attenuation. Thus, we seek a solution, valid as x
tends to infinity in which /5 and v/ tend to zero.

We integrate Eqs. (3) and (7) for the motion of the shock and
characteristics, omitting, as previously stated, the integrated
effect of the opposite family of waves

}’Ig‘ = x/B + my(& )x + a/2
Her = X/B + mpa(E¥)x — a2 ©
Vs, = X/ + 84)
where the constants of integration represent the y origin of the £
characteristics in the limit of ¥’ — 0 (x — oo). This is depicted

m Fig. 7. SHOCK

y=0/2 £ CHARACTERISTIC

y=-a/2 ,
ARBITRARY , (£) SIGNATURE

Fig. 7 Left running shock attenuated by expansion waves from the
initial disturbance.
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The characteristics and shock must intersect. Referring to
£¥ as the value of ¢* at the intersection point x, and similarly for
&, , the requirements for the intersection become:

mx[Ya(El) — e = a

0dx) = mY5(E)x + a/2
where Y5(&S) and ¥5(£;) are functions of x since & represents
the value of £ hitting the shock at various locations.

At the point of intersection, the conservation laws require that
the shock bisects the angle between the characteristics

ddgfdx = my[2[Y5(E) + Ya(ET)]
dy,/dx = —myy' ()

Solving the differential equations to determine o,, (&, ) and
Wy(E) is straightforward

8y =05 Y€)= —al2myx; Yo(&) = a/2myx
Similarly, Egs. (4) and (8) are solved for yi(#s) and yi(n5)
i) = —a2mix; Yi(ng) = af2myx
In order to verify the assumptions imposed on the integrated

effect of the waves of opposite family, we must determine the
profiles of y; and ;. Since the waves at x originate within

0(1/x) of ¢ = 0, the shape of Y’ may be approximated by its -

tangent at ' = 0 and it is this linear profile that is propagated
downstream. Hence, the lowest order terms in ¥’ vary linearly
between the shocks and the nonlinearities in the profile are
second order in ¥’ [here they are 0(1/x?)].

The integrated effect of the  waves on the motion of the ¢
characteristic may now be determined. The last two terms on the
right-hand side of Eq. (3) are illustrated in Fig. 8. The integrated
effect of the 1/x terms are zero and the lowest order contributions
of the second family to the locations of the first is the integral of
the 1/x? terms. Thus, the error in the location of the shock and
characteristics, Eq. (9), is 0(1/x). This error also represents the
terms that are second order in ¥5(&).

ENVELOPE DECAYS AS I/)(

(n)

'
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Ln-ma

EXPANSION

The density profile is given by the superposition of the {/; and
V5, waves. Since the value of /' varies linearly across the expan-
sion fan, superposition results in a density profile that is a plane
in the (x, y, p) coordinates. For a completely disturbed flowfield,
(a = 1), the density fluctuations within the shock diamond vary
linear with x from a maximum at the head of the diamond to a
minimum at the rear of the diamond, as depicted in Fig. 9. For
a # 1, the net density variation is obtained by superimposing
the signatures illustrated in the bottom of Fig. 9. The maximum
density disturbance, p,,.,, decays as 1/x.

Prnsx = 20B°/(y + DM2% (10)

Equation (10) exhibits features that are extremely different
from that of the decay of a single disturbance. Due to the attenua-
tion of the shock by expansions on each side, the decay is much
faster than the 1/(%)'/? result of the sonic boom. Perhaps the most
striking result is that the disturbance is independent of its initial
strength and now depends directly on the initial spacing of
disturbances. The obvious difference between this problem and
that of the sonic boom is that here the distance d controls the
extent of the spreading of the disturbance whereas in the case of
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Fig.9 Density profiles created by multiple disturbances.

the sonic boom, the disturbance itself is the regulating factor.
Waves originating near ' = 0 that intersect the shock must
travel in the y direction a distance ad/2 further than an undisturb-
ed Mach wave. There is a unique strength associated with a wave
that can traverse this additional distance in the time required to
travel downstream to location %. Thus, the strength of the wave
at % is a direct function of ad and %. In the case of the sonic boom,
doubling the initial disturbance (order ) results in doubling the
strength and spreading of the boom. However, at a fixed location
within the boom, no change is felt. This is illustrated in Fig. 10.

LINEAR
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SHOCK ol)
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eV ._’4\j7N\\\\\\\}
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Fig. 10 The density profile in the far field sonic boom (N wave).

The width of the boom is O[#(%)!/?], the gradient in the flow
properties from the front to rear shock is 0(1/%), independent of 0,
and the peak disturbance is then 0[8/(%)"/*]. Suppose we place
an observer at point ¥, distance d from the center of the boom.
The observer will see a disturbance 0(d/%) for all X independent
of 0. This is the result given by Eq. (10). The extent of the boom is
controlled by geometry rather than by 6. Thus, the disturbance
becomes independent of § and dependent only upon d.

The result given in Eq. (10) is essentially identical to that of
Whitham” for the flow past a wavy wall. However, two differences
exist: First, the result has been extended to situations where both
families of waves are present, and secondly, the results are now
applicable to problems whete only a fraction, “a,” of the wave-
length is disturbed.

It may be argued that Eq. (10) must possess knowledge of the
initial disturbance through the generation of entropy. By virtue
of the assumption that ¥’ — 0 as x — o, the density fluctuations
given by Eq. (10) are measured relative to the “freestream”
conditions at infinity. No claim has been made that the down-
stream uniform state is independent of the disturbance. The
integral form of the conservation laws must be used to determine
the uniform state at infinity. Equation (10) then represents the
rate at which this uniform state is approached.

4. Specific Applications

The geometry considered in the previous section has applica-
tion to several multiple disturbance problems. In applying the
results, the constant “q@” must be evaluated after the shock
waves have developed into the diamond pattern.
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"Figure 2 illustrates the sonic boom from an infinite row of
wings. Shock waves B and C must intersect before the geometry
of Fig. 5 is duplicated. This crilerion can be expressed as

%/d > @d/RM
where R is the size of the disturbance. The entire flow is now
disturbed and t]gé value of “a” is seen to be unity. For values of
% greater than d°M /R, Eq. (10) applies and the disturbance is
now independent of R and dependent on d.

Disturbances placéd in two-dimensional channel flows are
also described by the general expression just derived. Horizontal
planes of symmetry in Fig. 2 may be replaced by channel walls.
Hence, solutions exist for disturbances placed in the center of
the channel, on one wall, or those placed on both walls. Applica-
tion of Eq. (10) requires only that the channe] height be expressed
in terms of d, the disturbance spacing.

The series of two-dimensional supersonic nozzles illustrated
in Fig. 1 are designed to cancel all waves generated by the super-
sonic expansion. This requires that the nozzle blade be infinitely
thin at the exit plane. The blades are truncated with some finite
exit angle as depicted in Fig 11. Shocks form at the exit plane to
recompress the overexpanded flow. These shocks are attenuated
from both sides by expansion waves and this problem falls into
the general category of the multiple disturbance problem just
considered.
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Fig. 11 Truncation of nozzle exit blade keeping the exit area unchanged.

The solution to this problem for all x will now be generated in
order to indicate the values of x for which Eq. (10) is valid.

To model the disturbance generated at the nozzle exit plane,
we assume that the flow near the wall has a transverse velocity
that varies linearly from zero in the freestream to —6 at the wall.
The details necessary to determine ¥/ are given in Appendix A
and only the results are quoted here. When x = 0,

Yo(&F) = (=0/aP)(vo + a/2); a2y, <0
Yo(C7) = (—0/aB)yo — a/2); 0<y, < a2
where the coordinate y is designated by y, to indicate that it is
the origin of the ¢ characteristic.

The formulation is identical to the previous case except now
the origin of the characteristics are written as a function of ¥/5(¢)

Yo = —a/2 — (aB/OW(&™)
Yo = /2 — (aB/OW5(E7)
Integrating the equations of the characteristics and the shocks,

applying the conditions of intersection and bisection, we deter-
mine the maximum density perturbation.

M2

Pmax = oy + )M 20 (1)
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The interpretation of Eq. (11) is straightforward. When x = 0(1)
and 0 — 0, the expression returns to the equations of linear
theory. However, when @ is fixed and x - oo (x > 1/8), the
nonlinear effects weaken the disturbance and it decays as given
by Eq. (10). Although Eq. (11) is not as general as Eq. (10), it does
demonstrate when the nonlinearities become dominant. Equa-
tion (10) applies to the GDL exit plane disturbance for % > ad/#.

Equation (10) is a general far field solution. However, the
constant, a, must be carefully evaluated. We must allow the shocks
from multiple disturbances to intersect, then evaluate “a” as the
fraction of the flow field that is disturbed relative to the condi-
tions at infinity. From this definition, it appears that “‘a” would
always be unity since the conditions at infinity always differ from
the upstream conditions by terms at least as large as 0(8%), the
entropy increase. However, for the nozzle exit disturbance, Eq.
(10) does apply with a # 1 when p > 0(6%) but “a” must take
on the value of unity when p < 0(6®). This is discussed in
Appendix A.

As a result of the analysis and examples cited previously, it
appears that Eq. (10), with the proper choice of “a”, may be
applied quite generally as the far field solution for the decay of
an infinite row of similar disturbances. As x — oo, “a” must
always be unity. However, as illustrated in Appendix A, inter-
mediate regions do exist where “‘a” depends upon the nature of
the disturbance and is not necessarily equal to unity.

5. Discussion and Conclusions

Lighthill’s technique has been applied to a general two-
dimensional multiple disturbance problem and the propagation
and decay of those disturbances have been determined. The
strength of the disturbance in the far field has been shown to
decay as ad/%, independent of the initial strength, and the
location of the ““far field” has been shown to be inversely pro-
portional to the initial disturbance.

Proper representation of the far field requires knowledge of the
constant “a” which represents the fraction of the flowfield that
has been disturbed. For the sonic boom from an infinite row of
wings, “a” is unity but for the nozzle exit disturbance depicted
in Fig. 11, *“a” may take on different values in different regions
of the far field.

The results contained herein have been determined for two-
dimensional flow. The propagation of a point disturbance inside
a square supérsonic duct would require a three-dimensional

- analogue to this work. By symmetry, the duct flow problem is

equivalent to the sonic boom from an infinite plane of point
disturbances where each disturbance lies on the corner of a
square with the same dimensions as the duct. Although no such
analysis has been carried out, one can again use the results of
sonic boom to gain a feeling for the rate of decay. The sonic
boom from an axisymmetric body spreads as #x'/* and decays
as 0/x>* where 0 represents the strength of the body. The signa-
ture within the boom is an N wave as illustrated in Fig. 10 for
the two-dimensional case and the gradient is 0(1/x), independent
of 0. Since geometry would again control the spacing of the
shocks, the far field would see flow perturbations of order djx,
independent of 6. Further insight into this problem can be gained
by imagining the shock pattern to be a series of cones with apex
at the disturbance. The spacing between the cones is the
disturbance spacing d. Far downstream, the radius of curvature
of the shock, %/, is much greater than d. Hence, the shocks
appear to be planes and the problem appears to differ very little
from that solved in the previous sections. Thus, multiple
disturbances in both two and three dimensions appear to decay
as d/X, although it has been proven only for the two-dimensional
case.

Appendix A: Model for the Nozzle Exit Plane

In principle, a two-dimensional nozzle can be contoured such
that the flow is brought to a uniform state as illustrated in Fig. 11.
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However, this requires that the blade be infinitely thin at the exit
plane. To avoid this difficulty, the nozzle blades are truncated
at some finite angle as shown. A shock is then required to turn
the flow at the nozzle exit. o

At the point at which the truncated blade is tangent to the
original contoured blade, we assume that the transverse velocity
varies linearly from zero at the edge of the disturbed region to
—0 at the wall. This information is carried by the right running
waves and the function () is determined.

Yin) = Onjap® + Ko (A1)
where o
m=x+ By
and
' Ko = [b = (a + b)BO]/ap?
Continuity then constrains the integral of u over y at x = —b/0

Jmudy - _pp? (A2)

b

Conditions (A1) and (A2) then restrict “a” in terms of the blade
geometry

a = 2b/p0 0 <x 1) (A3)
Using (A3), K, can now be reduced to a simpler form
= —bjap*

As the right running waves [t//l(n)] strike the truncated blade,
the condition that v = —6 along the blade is satisfied by the
generation of a left running famlly

05 b (Ad)
() = ——
where 132 ﬁ ap
{=x—By.

At the nozzle exit plane (x = 0), the functions | and v are given
by
Y1) = (6/B)(v/a — 3) + 0(6%)
¥2(8) = (0/PG — y/a) + 0(8?)
for 0 < y < a/2. These are the profiles that were used to model
the exit plane disturbance.

The uniform conditions at infinity will differ from the original
design conditions due to the generation of entropy. Since these
terms are third ‘order in 6, the exit plane model represents the
flow perturbations with respect to the conditions at infinity to
within the accuracy indicated in Eq.(AS5). Thus, the disturbance,

(A5)

UNDISTURBED MACH LINE

INITIAL
¥,
PROFILE

)"— REFERENCE CONDITIONS AT INFINITY

Fig. 12 Ex1t plane disturbance created by the nozzles illustrated in
Fig. 11.
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as seen by an observer at infinity, is 0(f) at the exit plane and
decays in the manner prescribed by Eq. (11). When the disturb-
ance decays in strength to {9%), the far field sees a flow that is
disturbed over its entire geometrlcal extent. This is illustrated in
Fig. 12. The initial disturbance is referenced to| the conditions at
infinity and the point labeled “A” represents the downstream
location at which the disturbance decays to ((8%). Beyond this
point, “a” is unity since the entire flow is disturbed to the same
order. Between “A” and “B,” the shock propagates into an
essentially uniform stream and decays as 1(x)*/2. Beyond point
“B,” Eq. (10} is again valid with “a” equal unity.

The strength of the density ﬂuctuatlons are illustrated in Fig.
13. The transition of the decay rate from aZ/x to d/% is seen to be
the 1/(x)'*> decay of the shock while passmg through the uni-
formly disturbed region.
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Fig. 13 Density fluctuations created by the exit plane disturbance.

The above arguments have been presented only to show
consistency in the method and not to calculate the decay beyond
the strength of the third-order terms. For this reason, the details
of the transition in the decay near p = O(M3 6°) have not been
determined. It suffices only to say that such a transition does exist
and as x — oo, the d/X decay rate is recovered. Thus, for this
nozzle exit plane model, the value of “a” can take on two values:
“a,” less than unity for a,d/0 << % << a,d/(0°M?2) and “a,”
equal unity when % >> d/(a,0°M?2).

Appendix B: The Effect of Finite Nozzle Exit Angles
on Laser Beam Distortion

With the decay of the strength of the diamond shock pattern
illustrated in Fig 1, there exists a relative phase shift between
two light rays traversing the medium at different downstream

locations. The phase shift of a single ray is given by Born and
Wolf'°

K = no/%) f oy

Where 1 + S, is the index of refraction evaluated at the freestream
density and 7 is the wavelength of the electromagnetic wave.
The density profile in the flowfield is illustrated in Fig, 9. To
lowest order, the density profiles are symmetric and the integral
is zero. This is a consequence of the integral form of the con-
tinuity equation. It appears that we must determine the second-
order terms in the solution to the disturbance propagation
problem in otder to determine the phase shift of an electro-
magnetic wave. However, we need only the integral of the density
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perturbation, not the details of its profile. The integral may be
evaluated from the integral form of the conservation laws,
expressed in the perturbation variables.

Continuity: f(p +u+ pwydy =0

Momentum: f@/nyo + 2u + u® + p + 2pu)dy = 0(6%)

Entropy: p =1y + [y — 1)/2]p* + 0(p®)
Expanding these perturbations in an asymptotic series in 0,
p=0p; +6p,---
where py, p,, u,, and v; obey (1), it is possible to determine the
integral of p over y.
jm dy=0

(> — D2]ME +1
dy = = #?p2d (i
pr MEQL - 1) p1dy + 0(6°)
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Fig. 14 Laser beam distortion.
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For the case of the infinite row of two-dimensional distur-
bances, each such disturbance creates a left and right running
set of waves. Carrying out the integration over these waves, we
determine the pase shift of a single ray over the optical path L

_ mpoLaM%6*{[(y — 12]M?, + 1}

k¥ 3I(M2 — 1°(1 — m,x8/aB)?

As M, — oo
(y — DnpyLab?
641 + (y + 1)xB/2a)?

Figure 14 illustrates the percent phase shift per meter of a ten
micron wave propagating through a flowfield with a free stream
pressure of £ atmosphere (8, ~ 8 x 1075 and M_ >> 1. The
relative phase shift across the beam may be determined by
comparing the phase shift of the rays at the extremities of the
beam.
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